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Abstract
For a number field K, an algebraic variety X/K is said to have the
Hilbert Property if X(K) is not thin. We are going to describe some exam-
ples of algebraic varieties, for which the Hilbert Property is a new result.
The first class of examples is that of smooth cubic hypersurfaces with a
K-rational point in Pn/K, for n ≥ 3. These fall in the class of unirational
varieties, for which the Hilbert Property was conjectured by Colliot-The´le`ne
and Sansuc.
We then provide a sufficient condition for which a surface endowed with
multiple elliptic fibrations has the Hilbert Property. As an application, we
prove the Hilbert Property of a class of K3 surfaces, and some Kummer
surfaces.
1 Introduction
This paper is concerned with providing some examples of varieties with the
Hilbert Property, concerning the set of k-rational points X(k), for an algebraic
variety X defined over a field k.
A geometrically irreducible variety X over a field k is said to have the Hilbert
Property if, for any finite morphism π : E → X , such that X(k) \ π(E(k)) is
not Zariski-dense in X , there exists a rational section of π (see [10, Ch. 3] for an
introduction of the Hilbert Property).
Some motivation for the study of the Hilbert Property comes from the following
conjecture, of which a proof would settle the Inverse Galois Problem, as noted in
[2]:
Conjecture 1.0.1 (Colliot-The´le`ne, Sansuc). Let X be a unirational variety over
a number field, then X has the Hilbert Property.
1
2 Background
In the present paper, all the varieties under consideration are endowed with
multiple elliptic fibrations. These are used to prove the Hilbert Property for such
varieties.
The first to have used multiple elliptic fibrations to prove the Hilbert Property
are Corvaja and Zannier, who proved it for the Fermat surface x4 + y4 = z4 + w4
[3, Theorem 1.4].
The first result of this paper, in Section 3, is the Hilbert Property for smooth
cubic hypersurfaces of dim ≥ 2, defined over a number field K and with at least
one K-rational point. Since, under these hypothesis, cubic hypersurfaces are K-
unirational [9], this result gives positive examples of Conjecture 1.0.1. In Section 4
we prove the following theorem, which generalizes [4, Theorem 1.4], and, in turn,
[3, Theorem 1.4].
Theorem 1.0.2. Let E be a projective smooth geometrically connected algebraic
surface, defined over a number field K. Suppose that there exist n ≥ 2 elliptic
fibrations π1, . . . , πn : E → P1 . Let F ⊂ E denote the union of the divisors of
E that are contained, for each i = 1, . . . , n, in a fiber of πi. If E \ F is simply
connected and E(K) is Zariski-dense in E, then E has the Hilbert Property.
We then use this theorem to give explicit examples of K3 surfaces with the
Hilbert Property. The examples are produced starting from a construction pre-
sented in [5], by Garbagnati and Salgado. Finally, we prove the Hilbert Property
for some Kummer surfaces, for which the Hilbert Property was suggested to be
true by Corvaja and Zannier [3].
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2 Background
This section contains some preliminaries. In particular, in the last paragraph,
we shall recall some known results, that will be used in later sections, concerning
the Hilbert Property. Moreover, we shall take care here of most of the notation
that will be used in the paper.
Notation Throughout this paper, except when stated otherwise, k denotes a
perfect field and K a number field. A (k-)variety is an algebraic quasi-projective
variety (defined over a field k), not necessarily irreducible or reduced. Unless
specified otherwise, we will always work with the Zariski topology.
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2 Background
Given a morphism f : X → Y between k-varieties, and a point s : Spec(k(s))→
Y , we denote by f−1(s) the scheme-theoretic fibered product Spec(k(s))×Y X , and
call it the fiber of f in s. Hence, with our notation, this is not necessarily reduced.
A geometrically integral k-variety X is a k-variety such that Xk¯ is integral.
A proper morphism f : Y → X between normal k-varieties is a cover if the
fiber f−1(η) is finite for every point η of codimension ≤ 1 in X .
When k ⊂ C, a smooth k-variety X is simply connected if XC is a simply
connected topological space.
Given a morphism f : Y → X between integral k-varieties, with Y normal,
we will make use of the notion of relative normalization of X in Y . We refer the
reader to [11, Def. 28.50.3, Tag 0BAK] or [7, Def. 4.1.24] for its definition, and
recall here the properties that are needed in this paper. Namely, we will need that
the relative normalization of X in Y is a finite morphism n : Xˆ → X such that Xˆ
is normal, and such that there exists a factorization f = ϕ ◦ n, where ϕ : Y → Xˆ
has a geometrically integral generic fiber. The normalization of an integral variety
X is the usual normalization Xˆ of X [7, Section 4.1.2].
The domain Dom(f) of a rational map f : Y 99K X between integral k-
varieties is the maximal open Zariski subset U ⊂ Y such that f |U extends to a
morphism on U .
Given a rational map f : Y 99K X between integral k-varieties, and a birational
transformation b : Y ′ 99K Y , we will denote with abuse of notation, when there is
no risk of confusion, the map f ◦ b by f . We say that f is well-defined on Y ′ if
Dom(f ◦ b) = Y ′.
Ramification We recall that a morphism f : Y → X between k-varieties is
unramified (resp. e´tale) in y ∈ Y if its differential dfy : TyY → Tf(y)X is injective
(resp. an isomorphism). Otherwise we say that f is ramified at y. The set of
points where f is ramified has a closed subscheme structure in Y , and we will refer
to it as the ramification locus. The image of the ramification locus under f is the
branch locus. We recall that, by Zariski’s Purity Theorem [11, Lem. 53.20.4, Tag
0BMB], when Y is normal and X is smooth, the branch locus of a finite morphism
f : Y → X is a divisor. Hence, in this case, we will also refer to the branch locus as
the branch divisor. A simply connected variety X does not have any geometrically
integral cover of degree > 1 which is unramified in codimension 1.
Cubic hypersurfaces Cubic hypersurfaces are hypersurfaces in Pn defined by
a cubic homogeneous polynomial. We recall the following:
Theorem 2.0.1 (Segre ’43, Manin ’72). Let X be a smooth cubic hypersurface,
defined over a field k, with a k-rational point. Then X is unirational.
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Hilbert Property For a more detailed exposition of the basic theory of the
Hilbert Property and thin sets we refer the interested reader to [10, Ch. 3]. We
limit ourselves here to recalling the most common definition (which is not the one
given in the introduction), and some recent results.
Definition 2.0.2. Let X be a geometrically integral variety, defined over a field k.
A thin subset S ⊂ X(k) is any set contained in a union D(k)∪
⋃
i=1,...,n πi(Ei(k)),
where D ( X is a closed subvariety, and πi : Ei → X are generically finite
morphisms1 of degree > 1, and the Ei’s are irreducible.
Remark 2.0.3. A geometrically integral k-variety X has the Hilbert Property if
and only if X(k) is not thin.
Throughout this paper, we will use the abbreviation HP for Hilbert Property.
Theorem 2.0.4 (Bary-Soroker, Fehm, Petersen). Let f : X → S be a morphism
of K-varieties. Suppose that there exists a non-thin subset A ⊂ S(K) such that,
for each s ∈ A, f−1(s) has the HP. Then X/K has the HP.
Proof. See [1, Theorem 1.1].
Definition 2.0.5. Let E be a normal projective algebraic K-surface. We say that
a morphism π : E → P1 is an elliptic fibration if its generic fiber is a smooth,
geometrically connected, genus 1 curve.
The following theorem is included just for completeness. In fact, Theorem
1.0.2, which we are going to prove in Section 4, is a stronger version of it.
Theorem 2.0.6. Let K be a number field, and E be a complete smooth sim-
ply connected algebraic K-surface, endowed with two elliptic fibrations πi : E →
P1/K, i = 1, 2, such that π1 × π2 : E → P1 × P1 is a finite morphism. Suppose
moreover that the following hold:
(a) The K-rational points E(K) are Zariski-dense in E;
(b) Let η1 ∼= SpecK(λ) be the generic point of the codomain of π1. All the branch
points (i.e. the images of the ramification points) of the morphism π2|π−1
1
(η1)
are non-constant in λ, and the same holds upon inverting π1 and π2.
Then the surface E/K has the Hilbert Property.
Proof. See [4, Theorem 1.4].
1When X is normal, one can substitute here “generically finite morphisms” with “covers” to
get an equivalent definition.
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3 Hilbert Property for cubic hypersurfaces
Theorem 3.0.1. Let X ⊂ Pn/K, n ≥ 3 be a smooth cubic hypersurface, with a
K-rational point. Then X has the Hilbert Property.
In this section our base field will always be a number field K.
We need the following lemma, of which an explicitly computable version can
be found in [8].
Lemma 3.0.2. Let π : E → P1 be an elliptic fibration, defined over a number field
K. Then, there exists a non-empty open Zariski subset Uπ ⊂ E such that, for any
P ∈ Uπ(K), π
−1(π(P )) is smooth and #π−1(π(P ))(K) =∞.
Proof of Theorem 3.0.1. We note that X is K-unirational by Theorem 2.0.1, in
particular it has Zariski-dense K-rational points.
We prove the result by induction on n.
Case n = 3.
We assume by contradiction that X does not have the HP. Then there exist
irreducible covers ϕi : Yi → X, i = 1, . . . , m of degree degϕi > 1 and a divisor
D ⊂ X such that X(K) ⊂ ∪iϕi(Yi(K)) ∪D(K). We may assume, without loss of
generality, that the Yi’s are normal and geometrically integral
2, and that the ϕi’s
are finite morphisms. Let us denote now by Ri the branch divisor of ϕi. Since X is
a smooth cubic, it is isomorphic to a (smooth) hyperplane section of the image of
the (cubic) Veronese embedding Pn →֒ P(n+33 )−1
. Hence, by Lefschetz’ hyperplane
Theorem, it is simply connected. It follows that the Ri’s are non-empty for each
i = 1, . . . , m.
Let us denote by A∗4 the dual affine space of A4, minus the origin. To each
element h ∈ A∗4 corresponds a hyperplane H(h) ⊂ P3 in a canonical way
3. Let
(h1, h2) ∈ A
∗
4(K)× A
∗
4(K) be such that
1. H(h1) ∩H(h2) ∩X is (a scheme consisting of) three distinct K¯-points (and
hence, as a direct consequence, H(h1) ∩ H(h2) is a line), and it is disjoint
from the union of the Ri’s;
2. H(h1) ∩X and H(h2) ∩X are smooth curves;
3. The morphism [h1 : h2] : X \H(h1) ∩ H(h2) → P1 is non-constant on each
of the irreducible components of the Ri’s.
2In fact, possibly by enlarging D, one can substitute Yi with the normalization of X in Yi.
A normal variety that is not geometrically integral over the base field K does not have any
K-rational points.
3Namely, if λ ∈ A∗4, the associated hyperplane is {x ∈ P3 | λ(x) = 0}.
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We note that, since all conditions are open and non-empty, such a couple (h1, h2)
always exists.
Let {P1, P2, P3} be the intersection H(h1) ∩ H(h2) ∩ X , and let π : X \
{P1, P2, P3} → P1 be the following morphism:
P 7−→ [h1(P ) : h2(P )].
The map π extends naturally to a morphism πˆ : Xˆ → P1, where Xˆ =
BlP1+P2+P3 X denotes the blowup ofX in the (smooth) subscheme P1+P2+P3 ⊂ X .
We note that, since X is a cubic surface, the morphism πˆ is an elliptic fibration.
We claim now that the morphisms π ◦ ϕi : Yi \ ϕ
−1
i ({P1, P2, P3}) → P1 have
geometrically integral generic fiber for each i = 1, . . . , m. In fact, let us assume by
contradiction that there existed an i ∈ {1, . . . , m} such that this is not true. Let
π ◦ ϕi : Yi \ ϕ
−1
i ({P1, P2, P3})
π′
−→ C
r
−→ P1 (3.1)
be the relative normalization factorization of π◦ϕi|Yi\ϕ−1i ({P1,P2,P3})
. We would have
that deg r > 1. The factorization 3.1 yields a morphism ϕ′i : Yi\ϕ
−1
i ({P1, P2, P3})→
X \ {P1, P2, P3} ×P1 C, and a factorization:
ϕi : Yi \ ϕ
−1
i ({P1, P2, P3})
ϕ′i−→ ̂X \ {P1, P2, P3} ×P1 C
α
−→ X \ {P1, P2, P3},
where ̂X \ {P1, P2, P3} ×P1 C denotes the normalization of X \ {P1, P2, P3}×P1 C.
Hence the branch locus of ϕi would contain the branch locus of α, which would
be non-empty if deg r > 1 (sinceX\{P1, P2, P3} is simply connected) and contained
in a finite union of fibers of π. This contradicts our choice of (h1, h2).
Let us denote now by Yˆi the desingularization of Y
′
i = Yi×X Xˆ , and by ψi : Yˆi →
P1 the composition of the desingularization morphism Yˆi → Y
′
i , the projection
Y ′i → Xˆ and the map πˆ : Xˆ → P1. By the Theorem of generic smoothness
[6, Corollary 10.7] we know that there exists a non-empty open subset Vi ⊂ P1
such that, for each t ∈ Vi(K), ψ
−1
i (t) is smooth (and we may assume, by further
restricting Vi, geometrically connected as well, because ψi has a geometrically
integral generic fiber). Let us denote now by D′ ⊂ Xˆ the proper subvariety, which
is the union of all the following:
1. the fibers πˆ−1(x), for each x /∈ Vi, for each i = 1, . . . , m;
2. the proper transform of D ⊂ X , and the exceptional locus of Xˆ → X ;
3. the proper transform of X \ U , where U is defined as in Lemma 3.0.2 for
(E , π) = (Xˆ, πˆ).
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Let us choose now a K-rational point P ∈ (Xˆ \ D′)(K), and let us denote by
EP the fiber πˆ
−1(πˆ(P )). We know, by Lemma 3.0.2, that EP has infinitely many
K-rational points. We have assumed, however, that X(K) ⊂ ∪iϕi(Yi(K))∪D(K),
and hence
EP (K) ⊂ ∪iϕi(ψ
−1
i (πˆ(P ))(K)) ∪ (EP ∩D
′)(K). (3.2)
We claim that the right hand side of 3.2 is finite. In fact, for each i = 1, . . . , m,
the morphism ψ−1i (πˆ(P )) → EP is ramified by the invariance of the ramification
locus under base change (see e.g. [11, Tag 0C3H]), and, since the curve ψ−1i (πˆ(P ))
is a smooth geometrically connected complete curve, by Riemann-Hurwitz theo-
rem, it is of genus > 1. As a consequence, by Falting’s theorem, ψ−1i (πˆ(P ))(K)
is finite for each i = 1, . . . , m. Moreover, (EP ∩ D
′) is obviously finite, hence we
have proved that the right hand side of 3.2 is finite. As we noted before, however,
EP (K) is infinite. We have obtained a contradiction, proving the theorem in the
case n = 3.
Case n ≥ 4.
By Bertini’s theorem [6, Remark 10.9.2], we know that there exists a non-empty
Zariski-open subset U ⊂ X such that, for each p ∈ U(K¯), the generic hyperplane
of Pn passing through p cuts X in a smooth irreducible cubic of dimension n− 2.
We choose now a K-rational point P ∈ U(K) , and two K-rational (distinct)
hyperplanes H0 := {h0 = 0}, H∞ := {h∞ = 0} passing through P , such that
H0 ∩X is smooth. Let L := H0 ∩H∞.
Let us consider now the following morphism:
ϕ : X \ L ∩X −→ P1, P 7−→ [h0(P ) : h∞(P )],
which extends naturally to a morphism ϕˆ : BlL∩X X → P1. For t = [t1 : t2] ∈ P1,
the scheme-theoretic fiber ϕˆ−1(t) is isomorphic to the intersection Ht ∩X , where
Ht denotes the hyperplane t1h0 + t2h∞ = 0 in Pn. Since H0 ∩ X is smooth,
the intersection Ht ∩ X is smooth for t in a Zariski open subset V ⊂ P1(K¯),
containing 0. For x ∈ V (K), the fiber ϕˆ−1(x) is a smooth cubic in an (n − 1)-
dimensional projective space, with a K-rational point in it (namely, P ). Hence,
by the induction hypothesis, this fiber has the HP, and hence, since P1/K has the
HP, BlL∩X X (and, therefore, X) has the HP as well by Theorem 2.0.4.
4 Surfaces with the Hilbert Property
The proof of Theorem 1.0.2 uses the following lemma, which is Lemma 3.2 of
[3].
Lemma 4.0.1. Let G be a finitely generated abelian group of positive rank. Let
n ∈ N and {hu +Hu}u=1,...,n be a collection of finite index cosets in G, i.e. hu ∈
7
4 Surfaces with the Hilbert Property
G, Hu < G and [G : Hu] < ∞ for each u = 1, . . . , n. If G \
⋃
u=1,...,n(hu +Hu) is
finite, then
⋃
u=1,...,n(hu +Hu) = G.
Notation 4.0.2. Let E be a smooth geometrically connected k-surface, endowed
with fibrations π1, . . . , πn : E → P1, n ≥ 2. We call the fixed locus of π1, . . . , πn
the following reduced subvariety of E:
Fix(π1, . . . , πn) =
⋃
{D : D is a divisor in E and πi|D is constant ∀i = 1, . . . , n}
Remark 4.0.3. The subvariety F ⊂ E described in Theorem 1.0.2 is exactly
Fix(π1, . . . , πn).
Proof of Theorem 1.0.2. Suppose by contradiction that there exist m ∈ N, irre-
ducible covers ϕi : Yi → E, i = 1, . . . , m and a proper subvariety D ( E, such
that E(K) ⊂ D(K) ∪ ∪iϕi(Yi(K)), and degϕi ≥ 2. We may assume, without loss
of generality, that the Yi’s are smooth and geometrically connected.
We say that a cover Yi, and the corresponding i, is {j1, . . . , jk}-unramified,
where {j1, . . . , jk} ⊂ {1, . . . , m}, if, for each j ∈ {j1, . . . , jk}, the branch di-
visor of ϕi is contained in a finite union of fibers of πj . We say that it is
{j1, . . . , jk}-ramified otherwise. By the simply connectedness hypothesis, no cover
is {1, . . . , m}-unramified.
We say that a point P ∈ E(K) is j-good if the fiber π−1j (πj(P )) is smooth and
geometrically connected of genus 1, and #π−1j (πj(P ))(K) =∞. By Lemma 3.0.2,
there exists a non-empty open subset U ⊂ E such that, for each P ∈ U(K), P
is j-good for each j = 1, . . . , m. We assume moreover, without loss of generality,
that U ∩D = ∅.
For each 1 ≤ i ≤ m, 1 ≤ j ≤ n, let
πj ◦ ϕi : Yi
rij
−→ Cij → P1
be the relative normalization factorization of πj ◦ ϕi. We have that the geometric
generic fiber of rij is irreducible, Cij is a smooth complete geometrically connected
curve and Cij → P1 is a finite morphism. Let ̂E ×P1 Cij → E ×P1 Cij be a
desingularization of E×P1Cij. Then there exists a commutative diagram as follows:
Yˆi ̂E ×P1 Cij E
Yi
ψij
bi
ψi
8
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where bi : Yˆi → Yi is the composition of a finite sequence of blowups.
When i is j-ramified, since the branch locus of ψi contains at least one com-
ponent transverse to the fibration πj , and the morphism ̂E ×P1 Cij → E is j-
unramified, ψij must have at least one irreducible component of the branch locus
which is transverse to the fibration ̂E ×P1 Cij → Cij. Hence, by the invariance of
the ramification locus under base change [11, Tag 0C3H, Lemma 30.10.1], when i
is not j-unramified, the geometric generic fiber of Yˆi → Cij, which is isomorphic
to the geometric generic fiber of rij, is ramified over the geometric generic fiber of
̂E ×P1 Cij → Cij, which has genus 1. Therefore, it is a curve of genus > 1. Hence,
when i is j-ramified, the geometric generic fiber of πj ◦ϕi is a finite union of curves
of genus > 1. When i is j-unramified one shows analogously that the geometric
generic fiber of πj ◦ ϕi is a finite union of curves of genus 1.
We have that, for each P ∈ U(K):
P ∈ π−1n (πn(P ))(K) ∩ U ⊂⋃
i n−unramified
ϕi(Yi(K)) ∩ π
−1
n (πn(P )) ∪
⋃
i n−ramified
ϕi(Yi(K)) ∩ π
−1
n (πn(P )) =⋃
i n−unramified
ϕi((πn ◦ ϕi)
−1(πn(P )(K))) ∪
⋃
i n−ramified
ϕi((πn ◦ ϕi)
−1(πn(P )(K))).
Hence, as noted before, when i is n-ramified, after restricting (without loss of
generality) U to a smaller non-empty Zariski open subset, (πn ◦ ϕi)
−1(πn(P )) is a
curve of genus > 1. Therefore, by Falting’s Theorem, we deduce that:
π−1n (πn(P ))(K) ⊂
⋃
i n−unramified
ϕi((πn ◦ ϕi)
−1(πn(P )(K))) ∪ A0(P ),
where A0(P ) is a finite set. Moreover, when i is n-unramified, after restricting
(without loss of generality) U to a smaller non-empty Zariski open subset, (πn ◦
ϕi)
−1(πn(P )) is a curve of genus 1. Therefore, by the weak Mordell-Weil theorem,
we have that, for each i = 1, . . . , m, (πn ◦ ϕi)
−1(πn(P ))(K) ⊂ π
−1
n (πn(P ))(K) is
either empty or a finite index coset.
Hence, by Lemma 4.0.1, we deduce that:
P ∈ π−1n (πn(P ))(K) ⊂
⋃
i n−unramified
ϕi(Yi(K)).
Therefore we have that
E(K) ⊂
⋃
i n−unramified
ϕi(Yi(K)) ∪ (E \ U).
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We have now reduced to the case where all the covers Yi are n-unramified. Pro-
ceeding with an easy induction on n, we may reduce to the case where all the
covers Yi are {1, . . . , n}-unramified. But there are no such covers by hypothesis,
whence we deduce that E(K) is not Zariski-dense in E, leading to the desired
contradiction.
4.1 A family of K3 surfaces with the Hilbert Property
As an application of Theorem 1.0.2 we describe now a family of K3 surfaces4
with the Hilbert Property.
For λ ∈ K∗, and c1, c2 ∈ K[x, y, z] cubic homogeneous polynomials, let
X ′λ(f1, f2) := {([w0 : w1], [x : y : z]) ∈ P1 × P2 | w
2
0f1(x, y, z) = λw
2
1f2(x, y, z)}.
(4.1)
The surfaces X ′λ(c1, c2) are, up to a birational transformation, endowed with
multiple elliptic fibrations, usually defined over K¯, whose construction we recall in
the next paragraphs. In some particular cases, when enough of these fibrations are
defined over K, this allows us to use Theorem 1.0.2 to prove the Hilbert Property
of these varieties.
Remark 4.1.1. When c1(x, y, z) = f1(x, z) does not depend on y, c2(x, y, z) =
f2(y, z) does not depend on x, and both f1 and f2 do not have multiple roots,
equation (4.1) describes a Kummer surface (i.e. a quotient of an abelian surface
by the group of isomorphisms {±1}).
In fact, in this case, equation (4.1) describes, up to a birational transformation,
the quotient of E1×E2 by the group {±1}, where E1 and E2 are the elliptic curves
defined by the following Weierstrass equations:
E1 : w
2 = f1(x, z), E2 : w
2 = f2(y, z). (4.2)
Construction of the Elliptic Fibrations We give now an explicit construction
of a smooth model of of X ′λ(c1, c2) and of the elliptic fibrations it is endowed with,
under a genericity assumption on c1 and c2. We avoid going into detail, as these
constructions are described thoroughly by Garbagnati and Salgado in [5].
Let P1, . . . , P9 be 9 (distinct) points in P2(K¯) such that:
4K3 surfaces (and, in general, Calabi-Yau varieties) represent a “limiting case” for the study
of rational points, at least conjecturally. In fact, the conjectures of Vojta suggest that on algebraic
varieties there should be “less” rational points as the canonical bundle gets “bigger”. Hence,
since for K3 surfaces the canonical bundle is trivial by definition, we expect the rational points
here not to be “too much”, yet their existence (and Zariski-density) is not precluded. In fact,
proving the HP, we are providing some examples of abudance of rational points in such surfaces.
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1. P1, . . . , P4 are the four points of intersection of two smooth conics Q
1
1 :=
{q11 = 0}, Q
1
2 := {q
1
2 = 0} in P2, defined over K;
2. P5, . . . , P8 are the four points of intersection of two smooth conics Q
2
1 :=
{q21 = 0}, Q
2
2 := {q
2
2 = 0} in P2, defined over K;
3. The eight points P1, . . . , P8 are in generic position
5;
4. P1, . . . , P9 are the nine points of intersection of two smooth cubics C1 :=
{c1 = 0}, C2 := {c2 = 0} in P2, defined over K.
Definition 4.1.2. We say that a 9-tuple (P1, . . . , P9) ∈ P2(K¯)
9 is good if it satisfies
the four conditions above.
We note that, by choosing two sufficiently Zariski generic 4-tuples p1, . . . , p4
and p5, . . . , p8 such that both p1 + · · · + p4 and p5 + · · · + p8 are defined over K,
and letting p9 be the unique ninth intersection of the pencil of cubics through
p1, . . . , p8, the 9-tuple p1, . . . , p9 is good.
We assume hereafter that a choice of a good 9-tuple of points P1, . . . , P9, of the
two cubics C1, C2 and of the conics Q
i
j , i, j = 1, 2 has been made.
Let R := BlP1+···+P9 P2 be the blowup of P2 in the nine points P1, . . . , P9. The
two cubics C1, C2 define an elliptic fibration on R, which we denote by C, defined
as C(p) = [c1(p) : c2(p)].
The fibers of C are by construction the proper transforms of the elements of
the pencil generated by C1, C2.
For λ ∈ K∗, let fλ : P1 → P1 be the morphism defined by fλ([w0 : w1]) = [w
2
0 :
λw21]. Let also Xλ(c1, c2) be the smooth surface defined as the fibered product
R ×C,fλ P1, αλ : Xλ(c1, c2) → R be the projection on the first factor, and ϕλ :
Xλ → P1 be the projection on the second factor. The surface Xλ(c1, c2) is a K3
surface.
Note 1. We observe that, by construction, Xλ(c1, c2) is birational to X
′
λ(c1, c2).
The surface Xλ(c1, c2) is endowed with at least three elliptic fibrations. The
first one is ϕλ. The second and third one, which we denote by Q˜
1 and Q˜2, are the
proper transforms of the two pencils of conics generated, respectively, by {Q11, Q
1
2}
and by {Q21, Q
2
2}. I.e., Q˜
i = Qi ◦ αλ, where the maps Q
i : R → P1 are defined as
Qi(p) = [qi1(p) : q
i
2(p)], i = 1, 2.
Proposition 4.1.3. Let P1, . . . , P9 ∈ P2(K¯) be a good 9-tuple of points, and C1 :=
{c1 = 0}, C2 := {c2 = 0} be two smooth cubics such that C1 ∩ C2 = {P1, . . . , P9}.
If Xλ(c1, c2) has Zariski-dense K-rational points, then it has the Hilbert Property.
5By generic position, we mean that no three of these points lie on a line, and no six of these
points lie on a conic.
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Proof. Since Fix(ϕλ, Q˜
1, Q˜2) = ∅, this is an immediate consequence of Theorem
1.0.2 applied to Xλ(c1, c2) (which, being a K3 surface, is simply connected), with
fibrations ϕλ, Q˜
1 and Q˜2.
Remark 4.1.4. In general, looking at the explicit equations, it is easy to show that,
given c1, c2 cubic polynomials, there exist always infinitely many λ ∈ K
∗ such that
Xλ(c1, c2) has Zariski-dense K-rational points. Hence, as a corollary of Theorem
4.1.3, one obtains that, for any c1, c2, there exist always infinitely many Xλ(c1, c2)
with the Hilbert Property.
4.2 Kummer surfaces
The following proposition is another application of Theorem 1.0.2.
Proposition 4.2.1. Let E1 and E2 be two elliptic curves defined over a number
field K, with positive Mordell-Weil rank. The Kummer surface S := E1×E2/{±1}
has the Hilbert Property.
Proof. A desingularization of S, which we denote by S˜, may be obtained as the
quotient by {±1} of the blow up Ê1 ×E2 of E1×E2 in the 16 2-torsion points. We
denote the set of the images of these points in S with T , and the corresponding
exceptional lines in S˜ with L. Moreover, we denote by b : S˜ → S the just described
desingularization morphism, and by q : E1 × E2 → S the quotient map.
The surface S˜ has at least three elliptic fibrations, defined over K. Two of
these, which we denote by πi, i = 1, 2 are the following compositions:
S˜ → S = E1 × E2/{±1} → Ei/{±1} ∼= P1, i = 1, 2.
If E1 := {y
2
1z1 = f1(x1, z1)} and E2 := {y
2
2z2 = f2(x2, z2)}, then, as noted in
Remark 4.1.1, S is birational to the surface defined by the following equation for
([x : y : z], [w1 : x2]) ∈ P2 × P1:
w21f2(x, z) = w
2
2f1(y, z).
We have that:
[w1 : w2] ◦ q = [y1z2 : y2z1]. (4.3)
We then define the third fibration, π3, to be the extension (as a rational map) to
S˜ of the map ([x : y : z], [w1 : w2]) → [w1 : w2]. Let us check that Dom(π3) = S˜.
The map [y1z2 : y2z1] is well-defined on Ê1 × E2. Moreover, since [y1z2 : y2z1] :
Ê1 × E2 → P1 is invariant by the action of {±1}, it induces indeed a well-defined
morphism on the quotient S˜ = Ê1 × E2/{±1}.
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We have that, since yi is a local parameter at points of order 2 in Ei, and zi
is a local parameter at O ∈ Ei, the morphism [y1z2 : y2z1] : Ê1 × E2 → P1 is
non-constant on the exceptional lines lying over the points (T1, T2), when both T1
and T2 have order 2 or both have order 0.
It follows that Fix(π1, π2, π3) is the union of the 6 exceptional lines in S˜ lying
over the points (T1, T2), when exactly one of T1, T2 has order 2 and the other is
O. We denote the union of these 6 points in S with T b, and the corresponding
lines in S˜ with Lb := b−1(T b). Since, by hypothesis, S(K) ⊃ q(E1(K)×E2(K)) is
Zariski-dense in S, the proposition follows from Theorem 1.0.2 and the following
lemma.
Lemma 4.2.2. The surface (S˜ \ Lb)/C is (topologically) simply connected.
Proof. Let Λ1 =< e1, e2 > and Λ2 =< e3, e4 > be lattices in C such that E1 ∼=
C/Λ1, and E2 ∼= C/Λ2 as analytic spaces. We observe that the universal cover of
S˜ \ L = S \ T is the following composition
C2 \
1
2
(Λ1 × Λ2)→ C/Λ1 × C/Λ2 \ q
−1(T ) ∼= E1 ×E2 \ q
−1(T )
q
−→ S \ T .
Therefore
π1(S \ T , p0) ∼= (Λ1 × Λ2)⋊ < ι >,
where p0 denotes a point infinitesimally near to q((O,O)) ∈ S, the action of ι on
Λ1 ×Λ2 is given by (a, b)→ (−a,−b), and the element ι corresponds to a (single)
loop around q((O,O)) ∈ S (and hence ι2 = 1). For any 2-torsion point T in
E1×E2, let ιT ∈ π1(S \ T , p0) denote the element corresponding to a (single) loop
around the point q(T ) ∈ S6. We have that, if T =
∑4
i=1
ǫi
2
ei, where ǫi ∈ {0, 1},
then
ιT =
(
4∑
i=1
ǫiei
)
ι.
LetH ⊂ (Λ1×Λ2)⋊Z/2Z denote the minimal normal subgroup containing the ιT ’s,
for T ∈ T g := T \ T b. We note that (e1+ e4)/2, (e1+ e3)/2, (e1+ e3+ e4)/2 ∈ T
g,
and hence e1 = (e1 + e4) + (e1 + e3) − (e1 + e3 + e4) ∈ H . Analogously one has
that ei ∈ H for every 1 ≤ i ≤ 4. Therefore, H = (Λ1 × Λ2)⋊ < ι >.
6This element is well-defined only after a choice of a path between q(p0) and a point in-
finitesimally near to q(T ) has been made. This choice can be done arbitrarily and it is in fact
irrelevant for our purposes. We will assume anyway that the path chosen is the geodetic, using
the distance induced by the universal cover
R4
(e1|e2|e3|e4)
−−−−−−−−→ C× C→ C/Λ1 × C/Λ2 ∼= E1 × E2
q
−→ S,
where the R4 on the left is endowed with the Euclidean metric.
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We now observe that, in the blown-up surface S˜ \ Lb, the loop ιT becomes
trivial for any point T ∈ T g. In fact, a small topological neighborhood LǫT of
the exceptional line LT := b
−1(T ) ⊂ S˜ is retractible on LT itself, which is simply
connected.
Therefore, by Van Kampen’s Theorem applied to S˜ \ Lb = (S˜ \ L) ∪T∈T g L
ǫ
T ,
we have that
π1(S˜ \ L
b) ∼= (Λ1 × Λ2)⋊ < ι >upslopeH
∼= {1},
as we wanted to prove.
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